A quantum state of an electron influences its electromagnetic field. If a spatial profile of the electron wave packet is not Gaussian, the particle may acquire additional intrinsic multipole moments, which alter its field, especially at small distances. Here the fields of a vortex electron with orbital angular momentum ℓ are obtained in a form of a multipole expansion with an electric quadrupole term kept by using the generalized (non-paraxial) Laguerre-Gaussian beams. The quadrupole contribution arises beyond a paraxial approximation, is linearly enhanced for highly twisted packets with |ℓ| ≫ 1, and can be important for the interactions of twisted beams with bulk matter and artificial structures. Moreover, this term results in an azimuthal asymmetry of the magnetic field in a rest frame of the electron, which is odd under time inversion and appears thanks to the spreading of the packet with time. Thus, somewhat contrary to physical intuition, the spreading may enhance non-paraxial phenomena. For the available electron beams, this asymmetry can in principle be reliably detected, which would be the first experimental evidence of a non-paraxial effect with the vortex electrons.
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I. INTRODUCTION
Electrons with a definite projection of orbital angular momentum (OAM) onto a propagation axis -the so-called vortex or twisted electrons -were predicted theoretically [1, 2] and recently obtained experimentally [3] [4] [5] . In the majority of cases, quantum states of such electrons can be described within a model of a so-called Bessel beam, which has a definite energy ε, a longitudinal momentum p z , an absolute value of a transverse momentum p ⊥ , a spin s z , and the OAM l z ≡ ℓ. Similar to a plane wave, this state is not localized in space and that is why in the problems for which the localization is crucial it needs to be replaced with a more elaborated model.
A current density of the Bessel beam does not depend on time and, therefore, an electromagnetic field of such an electron in a laboratory frame of reference is static. However the field of a real moving electron is anything but static, whatever spatial profile the wave packet has. The fields of the Bessel electron beam have been obtained in Ref. [6] , but they do not actually coincide with those of a real vortex electron packet, whose centroid is localized in space at a given moment of time. A physically consistent way to obtain the field of a vortex electron is to take a spatially-localized wave packet, which represents an exact (or paraxial) solution to the Dirac equation, to calculate its current exactly, and then to employ a standard multipole expansion. The field of the electron will then represent a sum of those of the electron's multipole moments. It is these OAM-induced intrinsic multipole moments that make the field of the vortex electron different from that of the ordinary OAM-less one and it is this approach that I pursue in this paper. For the Bessel beam, the moments higher than the magnetic dipole one do not vanish but diverge (see [7] and below) because of the lack of localization, which makes it impossible to evaluate the field of a vortex electron within this model.
While the current and the electromagnetic field can be calculated in the laboratory frame, it is much easier to obtain them in the electron's rest frame first and then, given that the fields are transformed as components of a second rank tensor, to transform them into the former frame. The paraxial Laguerre-Gaussian (LG) beams (see, for instance, Ref. [2] ) cannot be used for such a task either, as they are restricted by the condition of paraxiality, p z ≫ p ⊥ , and are not applicable in the rest frame with p z = 0. As I argue in Ref. [8] , these beams can actually be used only for relativistic electrons but hardly for those with ε c ∼ 300 keV.
The generalized Laguerre-Gaussian beams, proposed in [8] , can be used beyond the paraxial regime and, in particular, stay valid in the rest frame. They represent an exact solution to the Dirac equation in relativistic case and to the Schrödinger equation for non-relativistic energies. That is why I shall use this model to derive the intrinsic multipole moments of the vortex electron and to obtain its electromagnetic field.
An electric quadrupole moment and higher moments vanish for a rotationally symmetric (say, Gaussian) packet, but are finite for the vortex electron [7] . As I demonstrate hereafter, the former moment arises beyond the paraxial approximation only, violates the azimuthal symmetry and diverges with time as the packet spreads. At some moment of time, t t d , the quadrupole contribution ceases to be small at all and its influence on the electron's field becomes easily noticeable. To be precise, the magnetic field of the electron becomes azimuthally asymmetric even in the rest frame and this also violates an explicit t → −t invariance of the field. This non-paraxial effect vanishes for the OAM-less beams or if the packet dynamics is neglected.
The non-paraxial phenomena can be enhanced for highly twisted electrons with |ℓ| ≫ 1 [8] , and it turns out that, somewhat contrary to intuition, the spreading may further enhance some of them. The direct detection of the above azimuthal asymmetry is feasible with the already available electron beams, which would be the first observation of a non-paraxial effect with the vortex electrons. Along with the fundamental interest, these phenomena may affect the radiation and scattering processes with the twisted beams in matter and in electromagnetic fields at relatively low frequencies. A system of units e = = c = 1 is used.
II. GENERALIZED LAGUERRE-GAUSSIAN BEAMS
The generalized Laguerre-Gaussian packets of a non-relativistic electron [8] ,
represent an exact solution to the Schrödinger equation. Here,
Clearly, spreading of the packet with time represents a non-paraxial effect, as it is attenuated by the following small parameter
where λ c ≈ 3.9 × 10 −11 cm is the electron Compton wavelength and
is a mean radius of the vortex packet. For available beams, the parameter (3) does not exceed 10 −6 [9] , although the physical parameter that governs the non-paraxial corrections to observables is |ℓ| times larger than (3) [8] . The diffraction time t d = m/σ 2 in (2) can also be represented as follows:
Although the LG packet (1) is non-relativistic, it correctly describes the non-paraxial effects, which are closely connected to such a relativistic phenomenon as the appearance of antiparticles. Indeed, the time t c represents a characteristic lifetime of an electron-positron pair (1/t c = m), and the smallness of the parameter (3) simply means that one cannot focus a one-electron wave packet to a spot smaller than the Compton wavelength without creation of the electron-positron pairs (see, for instance, Sec.1 in [10] ). The state (1) can also be obtained from a relativistic paraxial solution to the Klein-Gordon equation ψ par ℓ,n (x) as follows (see Eq.(51) in [8] ):
It comes of no surprise that a non-paraxial but non-relativistic exact solution can be obtained from a paraxial -that is, approximate -relativistic one (see, for instance, [11] ). Note that upon time inversion we have
and so
as should be according to the general principles of quantum mechanics and, in particular, of relativistic CPT-invariance [10] . I emphasize that it is a T -odd time-dependent Gouy phase,
that provides the correct transformation (8) of the wave function under the time inversion. The customary paraxial
LG beams with the T -even Gouy phase depending on the distance z,
do not provide such a correct transformation and, therefore, violate the CPT-invariance, which is highly problematic for a consistent relativistic theory of an electron.
III. INTRINSIC MULTIPOLE MOMENTS
For a scalar non-relativistic packet with a mass m and the wave function ψ(r, t), the components of the current
Given the definitions of the first three multipole moments,
the corresponding intrinsic values are [7] 
In what follows, I deal with the intrinsic moments only and omit the subscript "int". Let me start in a frame of reference in which the packet is at rest on average,
For the fundamental mode with n = 0 of the LG packet (1), the charge density and the current density are
where
Note that the charge density does not depend on the azimuthal angle φ. Recall that for a classical particle the current j µ ℓ = {j 0 ℓ , j ℓ } represents a time-like four-vector,
This is not the case for the "quantum" current density j ℓ (r, t) from Eq. (14), which does not vanish in the rest frame. Moreover, this current has all three components,
whereas the corresponding current of the Bessel beam,
has only an azimuthal component in the rest frame. Clearly, when the LG packet is wide, σ ⊥ (0) → ∞, t ≫ t d , the current (14) becomes similar to that of the Bessel beam [16] . However for any finite moment of time, t t d , the term
violates an explicit T -invariance of the current, which happens because of the packet's spreading with time and not due to the OAM, as this feature holds even when ℓ = 0.
Substituting the current (14) into Eq. (13), we arrive at the following intrinsic moments [17] :
Clearly, as the packet spreads the quadrupole moment grows with time. However, for the OAM-less Gaussian beam this moment vanishes because ρ(t) 2 ∝ |ℓ|.
The coordinate-momentum uncertainties for this state are [8] ∆x∆p
and a number of the quantum states in a transverse phase space
grows with time together with a corresponding entropy S,
Next, it is because of the packet's spreading that the corresponding solution of the Maxwell equations has a sense only for not very large times,
Indeed, at |t| ≫ t d the packet becomes unlocalized in space, ρ(t) → ∞ (akin to the Bessel beam), and the very multipole expansion, applicable when r ρ(t) , loses its sense. Importantly, the third derivative over time of the quadrupole moment vanishes, ... Q αβ (t) = 0, and so this time dependence, which is closely connected to the packet's spreading and to the increase of the entropy, does not lead to the radiation of electromagnetic waves because the radiation intensity is proportional to ... Q αβ (t) (see Sec. 71 in Ref. [12] ). Given that the magnetic moment does not depend on time, the radiation fields, which decay as |E R | ∝ 1/r, |H R | ∝ 1/r, simply vanish in all orders of the multipole expansion, as expected for a freely propagating particle. Therefore, we need to evaluate only the non-radiating (evanescent) fields, |E|, |H| ∝ 1/r k , k = 2, 3, 4. For this purpose, one can use the corresponding multipole expansion of the retarded potentials (see the problem 1 of Sec. 72 in Ref. [12] ) [18] .
IV. FIELDS IN THE REST FRAME
The fields of the vortex electron represent a sum of those of the charge e, of the magnetic moment µ, and of the electric quadrupole moment Q αβ . In the rest frame, they are E(r, t) = E e (r) + E Q (r, t), H(r, t) = H µ (r) + H Q (r, t),
the dots mean derivatives over time, and all the values in the right-hand side are taken at the retarded moment of time, t − r. I emphasize that this expression is applicable not only in the wave zone with r ≫ ρ(t) , but also not too far from the source,
where only the static fields exist and the terms withQ,Q in E Q can be neglected. Finally, the fields inside the vortex core, at r < ρ(t) , can be found by the numerical integration of the retarded potentials. After some algebra, the fields in the cylindrical coordinates become 
The quadrupole fields E Q (r, t) and H Q (r, t) grow linearly with the OAM |ℓ|, do not depend on its sign, and along with the ratio ρ(0) 2 /r 2 , typical for the quadrupole contribution already at the classical level, they also contain the non-paraxial purely quantum terms of the order of
which are |ℓ| times enhanced compared to the small parameter of the problem, Eq.(3). As a result,
• The non-paraxial terms decay slower with the distance than the quasi-classical ones;
• They are just moderately attenuated for highly twisted beams with |ℓ| ≫ 1, in accord with the more general analysis of non-paraxial corrections [8] ;
• The azimuthal component of the magnetic field H Q,φ is of the order of ℓ 2 t λ 2 c / ρ(0) 2 = O(|ℓ|t) and is dynamically enhanced at large times t t d .
For electron beams with the typical width of ρ(0) ∼ 10 nm − 100 µm ≫ λ c , we stay well within the paraxial approximation, but the terms ℓ 2 λ 2 c / ρ(0) 2 can be safely neglected only at small times, t < r, because of the packet dynamics. In the paraxial regime, the magnetic field is azimuthally symmetric and both the fields do not explicitly depend upon the sign of time.
Generically, the electric field E is even with respect to the time inversion, while the magnetic field H is odd. For the field H µ this is the case because the OAM ℓ changes its sign when t → −t. Beyond the paraxial regime, however, the field H Q depends on the sign of time and, therefore, violates an explicit T -invariance and, hence, a CP -invariance too. This magnetic field acquires an azimuthal H Q,φ component due to the spreading with time, and the effect vanishes for the ordinary OAM-less Gaussian beams or if we neglect the dynamics.
The magnitude of this non-paraxial T -odd effect can be quantified by the following ratio (an azimuthal asymmetry):
which does not grow with the OAM but depends on its sign and where the field components are measured at the same distance from the electron. Note that they both decay as 1/r 3 , which is slower than the classical quadrupole contribution, 1/r 4 . This asymmetry is proportional to the small parameter (3), but is enhanced at large times. For highly twisted beams with |ℓ| ≫ 1, both the fields H µ and H Q grow linearly with the OAM, which makes their measurements easier. Indeed, the magnetic field of the spin magnetic moment is usually too weak to be noticeable, whereas the field of the OAM-induced magnetic moment is roughly ℓ times stronger and ℓ can already reach the values of ℓ ∼ 10 3 [13] . When ℓ = 0, however, the fields vanish and the asymmetry no longer has a sense [19] .
Next, as the proper time t is measured in the rest frame, the ratio (25) is Lorentz invariant for longitudinal boosts. The contribution of the higher multipole moments can be neglected only for t t d = m/σ 2 , and so the maximum value of the asymmetry in our approximation is
that is, the quadrupole contribution can become comparable with that of the magnetic moment,
Let's suppose that the electron packet is rather wide, ρ(0) ∼ 10 µm, and that |ℓ| ∼ 1, which is typical for a beam of an electron microscope. Then we have |A| ∼ t t c 10 16 ≈ t 10 −5 sec.
.
As a result, at t t d ∼ 10 −5 sec. the azimuthal component of the magnetic field becomes easily noticeable. On the other hand, a 300-keV beam would cover a distance of the order of 1 km during this time, and so the measurements with the more tightly focused beams, ρ(0) ∼ 1 nm − 1 µm, seem to be preferable.
V. FIELDS IN THE LABORATORY FRAME
Let me now make a Lorentz boost to the laboratory frame in which the particle moves along the z axis [20] with a velocity u ≡ β according to the law z = u t and with a Lorentz factor γ = ε /m = 1/ 1 − β 2 . The fields in this frame are
Simultaneously, we need to transform the coordinates, the angle θ, and the time as follows:
The total electric field, which includes the contributions of the charge, of the magnetic moment, and of the quadrupole moment, is
During the diffraction time t d , an electron with the energy of ε c ∼ 300 keV and β ≈ 0.78 will cover the distance of
which yields z d ∼ 1 mm for ρ(0) ∼ 10 nm, or z d ∼ 10 cm for ρ(0) ∼ 100 nm, |ℓ| ∼ 1.
That is why the optimal beam width for the registration of the asymmetry lies within the following interval:
which is easily achievable with an electron microscope. Simultaneously, one should not necessarily strive to make the OAM as large as possible, as the asymmetry does not depend on its value. On the other hand, the fields themselves do depend on it and they are more easily detectable for higher values of the OAM. The electron beams with the moderately large OAM of |ℓ| ∼ 10 − 100 would most likely suffice.
VI. DISCUSSION
The electromagnetic field of an electron depends on a quantum state of the latter because, for non-Gaussian wave packets, the electron may acquire additional intrinsic multipole moments. As I have shown, this is the case for the vortex electrons, which are also endowed with the electric quadrupole moment beyond the paraxial approximation. As the packet spreads, this moment grows with time and results in an azimuthal asymmetry of the electron's magnetic field at large times (low frequencies). Such an asymmetry arises from an interplay between the two purely quantum phenomena -the packet's spreading and the possession of the OAM. If detected, this asymmetry would be the first non-paraxial effect measured with the vortex electron beams.
Along with the direct detection of the field asymmetry, there are also indirect ways how one can notice its influence. The quadrupole contribution alters the field of the vortex electron at the times t t d ≫ t c . Therefore, the spectrum of the field in the rest frame gets modified at the following frequencies:
which are much lower than the electron's rest energy, even though in the laboratory frame we might have a γ = ε/menhancement, ω ∼ γω 0 > ω 0 , due to the Doppler effect. As a result, a wide variety of the quasi-classical emission processes with the vortex electrons can be influenced by this non-paraxial contribution at the relatively low frequencies.
Such processes embrace the radiation in external electromagnetic fields (bremsstrahlung, synchrotron radiation, etc.) and in matter (Cherenkov radiation, transition radiation, Smith-Purcell radiation, etc.). For instance, for an electron beam of the width ρ(0) ∼ 1 nm, we have ω d ∼ 10 −2 eV, λ d ∼ 100 µm,
whereas for ρ(0) ∼ 10 nm the corresponding frequency is two orders of magnitude lower and λ d ∼ 1 cm. Thus, for tightly focused twisted beams of ρ(0) ∼ 0.1 − 10 nm the non-paraxial contribution results in a noticeable modification of the radiation spectrum at the frequencies in the range of (in the rest frame) ω 0 ∼ 10 −4 − 1 eV.
(38)
One of the efficient ways for the generation of intense radiation in the THz and millimeter range is the so-called Smith-Purcell mechanism of radiation [15] , arising when an electron passes nearby a grating. The spreading of the OAM-less Gaussian packet does not change the radiation characteristics much, whereas the vortex electron packet loses the azimuthal symmetry in time because of the corresponding quadrupole moment. This is likely to result in an azimuthal asymmetry of the Smith-Purcell radiation, which would reveal itself at the frequencies (38). For these frequencies to be present in the radiation spectrum, the grating should be longer than λ d ∼ 1 cm, which is easily realizable. In order to make quantitative estimates of these non-paraxial effects, detailed calculations are needed.
